We define and study the d-plane Radon transform, namely R, on the ndimensional (flat) torus. The transformation R is obtained by integrating a suitable function f over all d-dimensional geodesics (d-planes in the torus). We specially establish an explicit inversion formula of R and we give a characterization of the image, under the d-plane Radon transform, of the space of smooth functions on the torus. 
Introduction
The Radon transform is a fundamental topic in the integral geometry. It plays a preponderant role in many various fields of mathematics, physics and medecine.
This transform was studied and generalized in the case of Grassman manifolds and projective spaces, by many authors for example: I.M. Gelfand, M.I. Graev, and S.I. Shapiro [6] , S. Helgason [8] , B. Rubin [11] , F. Rouviére [10] . where f is a complex-valued C ∞ -function with compact support, d m (x) is the Euclidean measure on the d-plane ξ. The essential problem of the integral geometry is to recover f from R c f . It is noted that the inversion formula for the Radon transform is closely related to fractional calculus, see [12] , pages 29 and 30, formula (2.4) . See also the papers [9] , [13] , [14] , [2] , [1] .
The goal of this paper is to define an analogue of (1.1) and to give a inversion formula, that is to recover a continuous function f on the ndimensional torus from the d-plane Radon transform Rf .
The integral geometry in the torus was studied by I.M. Gelfand, S.G. Gindikin and M.I. Graev in their book [7] . These authors have given the inversion formula based on the Poisson formula (see formulas (5.8), (5.13) of [7] ). In addition, the inversion formula of Radon transform on the torus given in the book [7] is different from ours (see [5] , see also formula 4.1 in Section 4). In this work, we mainly use algebraic-arithmetic techniques and also the techniques of Fourier analysis (see Theorem 4.1 and its demonstration). The origin of this problem was introduced by Strichartz [15] , who gave a solution for n = 2. But, his method does not extend in an obvious way to n-dimensional torus (see Remark 3.2 in the paper [5] ).
We consider here the n-dimensional (flat) torus T n = (R/Z) n and the d-plane Radon transform defined by integrating f along all d-dimensional geodesics (d-planes in the torus) of T n . Arithmetic techniques are used in this paper, as in the case of the Radon transform on Z n , already studied by the author and his collaborators (see [3] , [4] ). Our purpose of this paper is to establish an explicit inversion formula for the d-plane Radon transform on the torus T n .
Our paper is organized as follows: In Section 2, we shall fix some notations and also recall the properties of the parametrization of the discrete d-planes in Z n , see [3] and [4] , that will be useful in the sequel of this paper.
In Section 3, we describe a suitable set of parameters for the closed d-dimensional geodesics (d-planes in the torus). The main result of this section is the parametrization's lemma of the d-planes of the torus T n (see Lemma 3.2). This lemma allows us to define the d-plane Radon dual of the operator R on the torus T n .
In Section 4, we establish an inversion formula for the d-plane Radon transform (see Theorem 4.1) by extending the inversion theorem proved in [5] . We note that several classical inversion formulas for the Euclidean d-plane Radon transform involve R * c R c f. However, in the case of the torus, the sum defining R * Rf is not convergent in general. We shall therefore introduce a weight function (see Theorem 4.1). This result is the main theorem in this paper.
Section 5 is devoted to a range theorem characterizing the space R(C ∞ (T n ), where C ∞ (T n ) is the space of all complex-valued C ∞ -functions on T n . See Theorem 5.1 for more details.
Notations and preliminaries
In this section, we shall fix once and for all some notations that will be useful in the sequel of this paper. For m ∈ N such that 1 ≤ m ≤ n, the set consisting of all integer m × n matrices is designated by M m,n (Z). We denote by SL * (k, Z) (1 ≤ k ≤ n) the group of all integer k × k matrices whose determinant is equal to ±1.
It is noted that throughout this paper, every row vector x = (x 1 , . . . , x n ) ∈ Z n is assumed to be identified with its transpose column vector t x given by
. . , r, and d ij = 0 otherwise. In the sequel we note this matrix by [3] , [4] ).
We begin with the following fundamental theorem which associates to each integer matrix A ∈ M m,n (Z) of rank r a diagonal matrix D ∈ M m,n (Z) uniquely defined by A and called the Smith normal form of A. [3] , [4] for more details.
Remark
. . , a kn ) of the matrix A belongs to P, where
with d (a) is the greatest common divisor of a = (a 1 , . . . , a n ) . In addition the vectors system (v k ) 1≤k≤d is linearly independent (see [3] , [4] ). In the sequel, we will need the following result. For the proof, see [[3] , Theorem 3.7, page 205] and also [4] .
In the following, we denote by (e k ) 1≤k≤d an orthonormal basis of R d .
Closed d-dimensional geodesics (d-planes) of the torus
For n ≥ 2 let T n = (R/Z) n be the n-dimensional torus equipped with the flat Riemannian metric induced by the canonical Euclidean structure of R n . In T n the d-dimensional geodesic from x = (x 1 , . . . , x n ) ∈ T n with (non zero) linearly independent vectors of R n is
where pr :
where the initial speed v ∈ R n , see [5] for more details. Since
For d = 1, we find again the results of the paper [5] . It is noted that Now, we state and prove some results which will be useful in the sequel of this paper. We begin with the following lemma.
, the equivalence (3.1) can be reduces to
The above equivalence has been proved in [5] . ((s 1 , . . . , s d ) A) and A = QA.
The set of closed d-dimensional geodesics from x is therefore in one-toone correspondence with P d,n /SL * (d, Z).
, y can be written in the form [3] , Proposition 3.10, page 209; see also [4] , Proposition 2.11, page 307, we have
where 
These two systems have the same solutions, therefore by Theorem 2.2, Section 2, there exists Q ∈ SL * (d, Z) such that A = QA and b (t, s) = Qb(t, s), and this proves the lemma. 2
An inversion formula
Let f be a continuous function on T n . We define its d-plane Radon transform Rf as the integral of f over closed d-dimensional geodesics namely (d-planes in the torus) on T n by
with x ∈ T n , A ∈ P d,n . As noted in the previous section, x+pr((t 1 , . . . , t d ) A) run over the whole d-plane when t j varies from 0 to 1, with j ∈ {1, 2, . . . , d} .
Remark 4.1. Let f be a continuous function on T n and (x, x 0 ) ∈ (T n )
2 . Then for all A ∈ P d,n , we have
where f x 0 (x) = f (x + x 0 ) . It suffices to replace f by f x 0 in formula 4.1.
Let x ∈ T n and G (x) be the set of all d-planes of T n from x. Let G 0 be the set G 0 = x∈T n G (x) and H x ∈ G (x) . Denote by Λ Hx the set given by
where
and for a = (a 1 , . . . , a n ) ∈ P, ||a|| = Let S (G 0 ) be the Schwartz space defined by a family (T N,x ) N ∈N, x∈T n of semi-norms as follows
Remark 4.2. Let F ∈ S (G 0 ) and x ∈ T n . Show that R * F (x) has a sense. For this, it suffices to prove that the series
since ||A|| 2 | A ∈ Λ Hx is a non empty subset of N. Then
This proves that R * F (x) has a sense, and therefore the function R * F is well-defined. The dual of the d-plane Radon transform is obtained by summing over all closed d-dimensional geodesics (d-planes) through a given point. Where F is a function belonging to S(G 0 ). The transform R * is actually dual of R in the following sense
where dx is the canonical invariant measure on the torus T n . Indeed, by (3.2) and (4.2)
, and the left-hand side of (4.3) can be transformed as follows 
Several classical inversion formulas for the Radon transform involve the function R * Rf. However the sum defining this function does not converge here in general. We then introduce a weight function ϕ :
and
where Q (A) is an element of SL * (d, Z) which depends on the matrix A.
In the sequel, we associate to each
It is noted that for all A ∈ P d,n and i ∈ {1, . . . , d} , the vector e i A ∈ P, because e i A = (a i1 , . . . , a in ) is the ith row of the matrix A, see [3] , [4] . As usual we denote the Fourier coefficients of f by
In the following, we state and prove the main result of this paper, which is the inversion theorem for the d-plane Radon transform on the torus T n .
for any x ∈ T n , where ψ denotes the strictly positive function on Z n defined by
In particular, this theorem applies to any function f ∈ C n (T n ) .
P r o o f. Let T be a distribution on T n defined by
where T is depending on the function ϕ defined by (4.4) . Indeed, the estimate
The convolution equation (4.8) can be easily inverted by means of Fourier coefficients. From (4.8) we have
9) with
The right hand side of the last equality vanishes whenever there exists j 0 ∈ {1, . . . , d} such that k · (e j 0 A) = 0, therefore
, see the expression of ϕ given by formula (4.4). Let P k be the set defined by
We fix some notations which will be useful in the sequel. Let be the function : Z → Z defined by 
Now, let us show that
be the matrix defined as follows
0 o t h e r w i s e .
We distinguish the following cases:
(4) In the simple case where k i = 0 and
In particular, this theorem applies to any function f ∈ C n (T n ) , it suffices to use the same technics as in [5] . And this completes the proof of the theorem. (2) For k ∈ Z n , let A (k) be an element of P d,n such that A (k) · k = 0. By (4.11) we have f (k) = Rf (k, A (k)) , then
A range theorem
As in [5] , we give a characterization of the space R (C ∞ (T n )) , where R is the d-plane Radon transform on the torus T n . Let F be a function on T n × P d,n , we write F (k, A) = T n F (x, A) exp (−2iπkx) dx.
Let E be the space of all functions F on T n ×P d,n satisfying the following three conditions:
(1) For any A ∈ P d,n , the map x → F (x, A) belongs to C ∞ (T n ) and for any multi-index α ∈ N n , the partial derivative ∂ α x F (x, A) is uniformly bounded on T n × P d,n .
(2) F (k, A) = 0 whenever k ∈ Z n , A ∈ P d,n and Ak = 0. Let G be the set of all d-planes of the torus T n and K be a compact of T n . We put 
